A finitely generated module M over a local ring is called a sequentially generalized Cohen-Macaulay module if there is a filtration of submodules of M :
Introduction
Let (R, m) be a commutative Noetherian local ring and M a finitely generated Rmodule of dimension d. Let x = (x 1 , . . . , x d ) be a system of parameters of M. It is well-known that the length ℓ(M/xM) carries a lot of information about the structure of M. If ℓ(M/xM) = e(x; M), where e(x; M) is the Serre multiplicity of M relative to x, then M is a Cohen-Macaulay module. The notion of Buchsbaum modules introduced by Stückrad and Vogel is the first extension of Cohen-Macaulay modules, it contains all modules such that the difference ℓ(M/xM) − e(x; M) is a constant for all systems of parameters x. A further generalization was obtained by Schenzel, Trung and the first author in [8] , they considered the class of modules M such that for all systems of parameters x the difference ℓ(M/xM) − e(x; M) is bounded above by a constant. This is equivalent to the fact that there is a system of parameters x such that ℓ(M/(x n 1 1 , . . . , x n d d )M) = n 1 . . . n d e(x; M) + c for all n 1 , . . . , n d > 0, where c is a constant. These modules have many similar properties as of Cohen-Macaulay modules and were called generalized Cohen-Macaulay modules. The theory of generalized Cohen-Macaulay modules was developed rapidly in the 1980's and early 1990's by the works of many authors and found its applications in many fields of commutative algebra and algebraic geometry. Another generalization of Cohen-Macaulay module is the notion of sequentially Cohen-Macaulay modules introduced first by Stanley [16] . A module M is called a sequentially Cohen-Macaulay module if there is a filtration M 0 ⊂ M 1 ⊂ . . . ⊂ M t = M of submodules of M such that each M i+1 /M i is CohenMacaulay and dim M 0 < dim M 1 < . . . < dim M t . Historically, Stanley defined this notion for graded modules in order to study the so-called Stanley-Reisner rings (see also Herzog-Sbarra [11] ). After that, this notion was defined for modules over local rings by Schenzel [15] , Nhan and the first author [7] . In the same paper, the authors also introduced the notion of sequentially generalized Cohen-Macaulay module and gave a characterization for these modules in terms of local cohomology modules. The definition of sequentially generalized Cohen-Macaulay module is similar to the one of sequentially Cohen-Macaulay module except each module M i+1 /M i is required to be a generalized Cohen-Macaulay module instead of being Cohen-Macaulay. In this case, that a filtration is called a generalized Cohen-Macaulay filtration. The aim of this paper is to study basic properties of these modules with further purpose toward a theory of sequentially generalized Cohen-Macaulay modules.
In order to study sequentially generalized Cohen-Macaulay modules, we consider a filtration F : M 0 ⊂ M 1 ⊂ . . . ⊂ M t = M of submodules of M, which satisfies the condition that dim M 0 < dim M 1 < . . . < dim M t = d. The most important example of filtration satisfying the dimension condition as above is the dimension filtration. We say that a filtration F : M 0 ⊂ M 1 ⊂ . . . ⊂ M t = M is the dimension filtration of M if each M i is the biggest submodule of M i+1 with dim M i < dim M i+1 (cf. [7] , [16] ). For a filtration satisfying the dimension condition F with d i = dim M i , we restrict ourself to those systems of parameters x = (x 1 , . . . , x d ), which are called good systems of parameters of M, such that M i ∩ (x d i +1 , . . . , x d )M = 0, i = 0, 1, . . . , t − 1. Then (x 1 , . . . , x d i ) is a system of parameters of M i . It is proved in [6] that the difference
e(x 1 , . . . ,
is a non-negative integer. From our point of view, I F ,M (x) is suitable to the study of sequentially Cohen-Macaulay and sequentially generalized Cohen-Macaulay modules. It has been shown by the authors in [6] that M is a sequentially Cohen-Macaulay module if and only if there is a filtration F and a good system of parameters such that d ) is a constant for all n 1 , . . . , n d > 0. Moreover, this constant is independent of the choice of systems of parameters and can be expressed in terms of length of certain local cohomology modules. The key in the proof of these results is the use of the notion of dd-sequence developed in [5] . dd-Sequence was first invented for a different purpose, see [4] , [13] , [14] . However, when studying the two classes of sequentially Cohen-Macaulay and sequentially generalized Cohen-Macaulay modules we found that this notion is very useful since all these modules admit such a sequence.
The paper is organized as follows.
In Section 2 we recall briefly some facts about filtrations satisfying the dimension condition and good systems of parameters. Some properties of dd-sequence defined in [5] are presented in this section.
In Section 3 we introduce the notion of generalized Cohen-Macaulay filtrations to investigate the structure of sequentially generalized Cohen-Macaulay modules. We first show some properties of these modules by using local cohomology modules, localization, passing to quotient, etc. As the main result of this section, we show that for a sequentially generalized Cohen-Macaulay module M there are a filtration
We use Section 4 to study the constant C in the equality (*). This number is important in our investigation because it is the least bound for the function I F ,M (x
The main result of this section is an expression of C in terms of lengths of certain local cohomology modules,
Using the theory of multiplicity we prove in Section 5 various characterizations of sequentially generalized Cohen-Macaulay modules in terms of good systems of parameters. Note that the filtrations of submodules of M considered in this section are not necessary to be generalized Cohen-Macaulay filtrations.
The last section is devoted to study the Hilbert-Samuel function of a sequentially generalized Cohen-Macaulay module with respect to an ideal generated by a good system of parameters satisfying the equality (*). We compute all the coefficients of the Hilbert-Samuel polynomial explicitely by using local cohomology modules.
Preliminary
Throughout this paper, (R, m) is a commutative Noetherian local ring and M is a finitely generated R-module of dimension d.
In this section we will recall briefly some basic facts about filtrations satisfying the dimension condition, good systems of parameters defined in [6] . Some preparations on dd-sequences and generalized Cohen-Macaulay modules are also presented. Definition 2.1. (1) We say that a finite filtration of submodules of M
and we also say in this case that the filtration F has the length t.
is the 0 th local cohomology module of M with respect to the maximal ideal m.
A good system of parameters with respect to the dimension filtration is simply called a good system of parameters of M.
The next few results can be implied directly from the definitions or can be found in [6] .
Remark 2.3. (i)
The dimension filtration always exists and it is unique. In this paper we will always denote the dimension filtration of M by D :
(ii) Let N ⊆ M be a submodule. From the definition of the dimension filtration, there is a
Therefore, a good system of parameters of M is a good system of parameters with respect to every filtration satisfying the dimension condition.
(iii) Let F be a filtration satisfying the dimension condition of M. Then there always exists on M a good system of parameters with respect to F . Moreover, if x = (x 1 , . . . , x d ) is a good system of parameters of M with respect to F , so is (x
be a filtration satisfying the dimension condition with d i = dim M i and x = (x 1 , . . . , x d ) a good system of parameters with respect to F . It is clear that (x 1 , . . . , x d i ) is a system of parameters of M i . Therefore the following difference is well defined
where e(x 1 , . . . , x d i ; M i ) is the Serre multiplicity and we set e(x 1 , . . . , 
Concerning the question of when the function
is a polynomial, the authors in [5] have introduced a notion of dd-sequences. For the definition we need the notion of d-sequence of Huneke [12] . A d-sequence on M is a sequence (x 1 , . . . , x s ) of elements in m such that for i = 1, . . . , s and j i, (x 1 , . . . , x i−1 )M : Then dd-sequence is closely related to the notion of good system of parameters by the following lemma.
Lemma 2.6. [6, Lemma 3.5] Every system of parameters of M, which is also a ddsequence on M, is a good system of parameters, and therefore it is a good system of parameters with respect to any filtration F satisfying the dimension condition of M.
We have some characterizations of dd-sequence. 
In this case, we have a i = e(x 1 , . . . ,
iv) x is a good system of parameters and there exist
where D is the dimension filtration of M Proof. The implication (i ⇒ ii) is proved in [5, Proposition 3.4] . For the converse, we need to show that for 0 < i j < s d
but this is clear by using Krull's Intersection Theorem and the hypothesis.
The equivalence of (i) and (iii) is proved in [5, Corrollary 3.6] . By Lemma 2.6, if x is a dd-sequence then it is a good system of parameters. Hence the equivalence of (iii) and (iv) is obvious.
Proof. We need only to show for any integer j,
and the conclusion follows.
To end this section, we recall some facts about generalized Cohen-Macaulay modules. For the detailed proof of these results we refer to [8] . For an R-module M, we put
where the supremum is taken over all systems of parameters of M. ii) The following statements are equivalent:
(2) There exist a system of parameters x = (x 1 , . . . , x d ) of M and c 0 such that 
Sequentially generalized Cohen-Macaulay modules
First, we recall the notions of generalized Cohen-Macaulay filtration and of sequentially generalized Cohen-Macaulay modules, which were introduced in [7] .
is called a sequentially generalized Cohen-Macaulay module if it has a generalized Cohen-Macaulay filtration.
By the definition, it is obvious that every generalized Cohen-Macaulay module M is a sequentially generalized Cohen-Macaulay module, where the trivial filtration 0 ⊂ M is a generalized Cohen-Macaulay filtration. Suppose that M is unmixed up to m-primary, it means that dim R/p = dim M for all p ∈ Ass M \ m. Then it is easy to see that M is sequentially generalized Cohen-Macaulay if and only if M is generalized Cohen-Macaulay. Therefore the two-dimensional local domain constructed by Ferrand and Raynaud in [9] is an example of a two-dimensional ring which is not a sequentially generalized Cohen-Macaulay module. However, the m-adic completion of this domain is sequentially generalized Cohen-Macaulay as shown in the following proposition.
Proposition 3.2. Assume that R is a homomorphic image of a Gorenstein ring and
Proof. Let N be the biggest submodule of M such that dim N < 2. Since dim R/p = 2 for every p ∈ Ass(M/N), it is shown by Trung [18] The following lemma shows that if M has a generalized Cohen-Macaulay filtration, then it is unique up to m-primary components and relatively closed to the dimension filtration as follows. Proof. Since M is a sequentially generalized Cohen-Macaulay module, Lemma 4.4 of [7] shows that the necessary condition holds and D is a generalized Cohen-Macaulay filtration. We prove the sufficient condition. There are two short exact sequences for each i = 0, 1, . . . , t − 1,
Lemma 3.3. Let M be a sequentially generalized Cohen-Macaulay module with the dimension filtration
Combining this with the second exact sequence we get that M i+1 /M i is generalized Cohen-Macaulay. 
. . , t − 1, is also a generalized Cohen-Macaulay filtration of M, and in this example
can be arbitrarily large, where
Note that a characterization of sequentially generalized Cohen-Macaulay modules by the use of modules of deficiency was proved in [7] when R possesses a dualizing complex. In the next, without any restriction on the ground ring, we give a characterization for sequentially generalized Cohen-Macaulay modules by means of local cohomology modules.
Proposition 3.5. M is a sequentially generalized Cohen-Macaulay module if and only if there exists a filtration
Proof. Let M be a sequentially generalized Cohen-Macaulay module with a generalized Cohen-Macaulay filtration F :
We prove the necessary condition by induction on the length t of the filtration. The case t = 1 is proved by Lemma 2.9, (ii). Suppose t > 1. We observe that 0 
For the converse, we consider the long exact sequence
be a filtration satisfying the dimension condition and x = (x 1 , . . . , x d ) a good system of parameters of M with respect to
We consider the following filtration
Then the following lemma is often used in the paper. Proof. Let k be a positive integer. If k < j, remember the definition of the integer j corresponding to the filtration F i we get d k < i, then M k ∩ x i M = 0 since x is a good system of parameters with respect to
Lemma 3.6. Let M be a sequentially generalized Cohen-Macaulay module with a generalized Cohen-Macaulay filtration
and each quotient module of the filtration
Since x is a good system of parameters with respect to F and dim(0 :
is a generalized Cohen-Macaulay module. Therefore from the short exact sequence
This is immediate by Lemma 2.9, (ii) and the short exact sequence
We say that M is a sequentially Cohen-Macaulay module if each quotient module
M is called a locally sequentially Cohen-Macaulay module if for all p ∈ Supp M, p = m, M p is sequentially Cohen-Macaulay. By Lemma 2.9, a generalized Cohen-Macaulay module is locally Cohen-Macaulay and the converse holds if R is a factor of a Cohen-Macaulay ring and M is equidimensional. There is a similar result for sequentially generalized Cohen-Macaulay modules, however, there is no requirement concerning the equidimensional property of M. 
Proposition 2.4 of [15] we imply that there are 0 = i 0 < i 1 < . . . < i s t such that the filtration
is the dimension filtration of M p and these indices are minimal in the sense (
Assume that M is a sequentially generalized Cohen-Macaulay module and
The next result, though its proof is simple, is the starting point for our study of sequentially generalized Cohen-Macaulay modules in the rest of the paper. Proof. Since I F ,M (x(n)) is non-decreasing by Lemma 2.4, it suffices to prove that I F ,M (x(n)) is bounded above by a constant. Put
) is a good system of parameter of M i with respect to the
for all n 1 , . . . , n d > 0 and i = 1, . . . , t. Hence,
Roughly speaking, dd-sequence is another version of p-standard system of parameters defined in [4] , see also [13] , [14] . In the case of generalized Cohen-Macaulay module, dd-sequence coincides with the notion of standard system of parameters defined in [20] . Standard system of parameters is a powerful tool in studying generalized CohenMacaulay modules. p-standard systems of parameters or dd-sequences themselves also have many nice properties and provide a useful tool for studying the structure of nongeneralized Cohen-Macaulay modules, see [4] , [5] , [6] , [13] , [14] . However, there are examples of modules of which no system of parameters is a dd-sequence. As far as we know, there are only some sufficient conditions for the existence of these systems of parameters, for instance, when the ground ring is a homomorphic image of a Gorenstein ring. The following consequence of Theorem 3.8 provides another condition. Proof. If I F ,M (x(n)) is a constant then x is a dd-sequence by Proposition 2.7. Vice verse, any dd-sequence is a good system of parameters and I F ,M (x(n)) is a polynomial in n 1 , . . . , n d . Then I F ,M (x(n)) must be a constant for all n 1 , . . . , n d > 0 by Theorem 3.8. Moreover, if x is a good system of parameters of M, then I F ,M (x(n)) is nondecreasing and is bounded above by a constant, so it coincides with a constant for n 1 , . . . , n d ≫ 0. Therefore the existence of a dd-sequence on M follows from the first conclusion and the existence of good system of parameters of M.
The invariant I F (M )
Let M be an arbitrary module with a filtration F satisfying the dimension condition. We put
where the supremum is taken over the set of good systems of parameters of M with respect to F . By Theorem 3.8, if F is a generalized Cohen-Macaulay filtration and x is a good system of parameters with respect to F then I F ,M (x(n)) is a constant for all n 1 , . . . , n d ≫ 0. The aim of this section is to show that this constant does not depend on the choice of good systems of parameters and is exactly I F (M). Moreover we can compute it by lengths of certain local cohomology modules. It should be noticed that when M is a generalized Cohen-Macaulay module and F is the filtration 0 ⊂ M, I F (M) is exactly the Buchsbaum invariant I(M), which is defined as the supremum of ℓ(M/xM) − e(x; M) taking over all systems of parameters of M (see [17] ). So I F (M) < ∞ in this case.
Proposition 4.1. Let M be a sequentially generalized Cohen-Macaulay module and
We have
In particular, I F (M) < ∞.
Proof. Let x = (x 1 , . . . , x d ) be a good system of parameters of M with respect to F .
From the proof of Theorem 3.8 we obtain
Hence,
Taking the supremum of the left hand side over all good systems of parameters with respect to F we get the result.
In the next, we will present a computation of I F (M) by means of lengths of certain local cohomology modules. First we need an auxiliary lemma. Recall that a sequence (x 1 , . . . , x s ) of elements in m is said to be a strong d-sequence on M if (x n 1 1 , . . . , x ns s ) is d-sequence for any n 1 , . . . , n s > 0 (see [10] ). 
On the other hand, since 0 :
where p is the natural projection. The above diagram derives the following commutative diagram 
Theorem 4.3. Let M be a sequentially generalized Cohen-Macaulay module with a generalized Cohen-Macaulay filtration
where c ij =
Proof. Let x = (x 1 , . . . , x d ) be a good system of parameters of M with respect to F . Since I F ,M (x(n)) is non-decreasing, it suffices to prove that
for all n 1 , . . . , n d ≫ 0. We prove this by induction on the dimension d of M. Let d = 1. Since x 1 is a system of parameters of M, x
By Lemma 3.6, the following filtration is generalized Cohen-Macaulay
On the other hand, since M/M t−1 is generalized Cohen-Macaulay, (0 :
and we have by the inductive hypothesis,
is a constant for all n 1 , . . . , n d ≫ 0, hence from Proposition 2.7, x(n) is a dd-sequence on M for all n 1 , . . . , n d ≫ 0. For n d > 2 we can apply Lemma 4.2 to M and N = M j to get the following short exact sequence for i = 0, 1, . . . , t − 1, Unfortunately, the answer is negative even F is the dimension filtration of M. We have the following example.
is a sequentially Cohen-Macaulay module if and only if H
be the ring of all formal power series over a field k. We consider the ideals I = (X 1 , X 2 , X 3 ) ∩ (X 4 , X 5 , X 6 ) and J = (X 2 , X 3 , X 4 , X 5 ). Put M = R/I ∩ J, then dim M = 3. The following filtration is the dimension filtration of M,
is Cohen-Macaulay with dim D 1 = 2 and M/D 1 = R/I is a generalized Cohen-Macaulay module. Therefore M is a sequentially generalized Cohen-Macaulay module. Let x 1 = X 1 + X 5 , x 2 = X 3 + X 6 , x 3 = X 2 + X 4 . It could be verified directly that (x 1 , x 2 , x 3 ) is a good system of parameters of M and
In the next we will give a necessary and sufficient condition for the inequality mentioned in Lemma 4.1 becomes an equality. 
and only if we have the following short exact sequences
From the above long exact sequence of local cohomology modules again, this is equivalent to the exactness of the following sequences
Remark 4.10. In Theorem 4.3, the assumption that F is a generalized Cohen-Macaulay filtration is quite important. For instance, keep all hypothesis in Theorem 4.3, let F ′ be the filtration 0 ⊂ M. Assume that x is a good system of parameters of M such that I F ,M (x(n)) is constant for all n 1 , . . . , n d > 0. We have
Parametric characterizations
In the previous sections we have proved the existence of dd-sequence on a sequentially generalized Cohen-Macaulay module and used it to study some properties of these modules. It is shown that I F (M) = sup x {I F ,M (x)} is finite provided F is a generalized Cohen-Macaulay filtration of M, where the supremum is taken over all good systems of parameters with respect to F . In this section, we will show that the sequentially generalized Cohen-Macaulayness of M can be characterized by the condition I F (M) < ∞, where the filtration F is not necessarily a generalized Cohen-Macaulay filtration. Moreover, we will prove several characterizations of sequentially generalized CohenMacaulay property in terms of good systems of parameters. We begin with the following technical lemma.
Lemma 5.1. Suppose that there exist a filtration F satisfying the dimension condition and a good system of parameters
Proof. It suffices to prove that (x)(
Since I F ,M (x(n)) = c is a constant for all n 1 , . . . , n d > 0, we imply by Proposition 2.7 that x is a dd-sequence on M. Therefore I D,M (x(n)) is a polynomial in n 1 , . . . , n d . It is clear by Remark 2.3 (ii) and Lemma 2.4 that 0
is also a constant for all n 1 , . . . , n d > 0. We prove the lemma by induction on the length t of the dimension filtration D. Note that the case i = 1 is trivial since (x 1 , . . . ,
For each t > 1 we prove the assertion by induction on d 1 . Let d 1 = 1. Since D 1 = 0 : M x 2 and (x 1 , x 2 ) is a strong d-sequence, it follows by Lemma 2.8 that
Note that M/D 1 has the dimension filtration
Applying the inductive hypothesis to D
′ we obtain
It is easy to check that the following filtration of M/x n 1 1 M satisfies the dimension condition
where (x
We also have
Applying the same method to the sequence (x 2 , x 1 , x 3 , . . . , x d ) we get (x 1 , x 3 , . . . , (ii) ⇒ (iii) is straightforward since I F ,M (x(n)) is non-decreasing. 
where 
On the other hand, since
Therefore we obtain that r = s and i k = d k for k = 0, 1, . . . , s. It should be noted that 
We have just proved that M/x 3 ) is a dd-sequence for all n 1 , n 2 , n 3 ≫ 0.
In the next example, we want to clarify that the filtration F mentioned in Theorem 5.2 do not need to be a generalized Cohen-Macaulay filtration. In other words, I F ,M (w l , (x + y) m , z n ) = 0 for all l, m, n > 0. Thus M is a sequentially generalized Cohen-Macaulay module by Theorem 5.2.
More general, let M be a sequentially generalized Cohen-Macaulay module with the dimension filtration D :
Cohen-Macaulay filtration. Let x = (x 1 , . . . , x d ) be a good system of parameters of M. We consider the following filtration 
which is bounded above by a constant for all n 1 , . . . , n d > 0.
The following theorem gives a finite criterion for the sequentially generalized CohenMacaulay property. function of M with respect to q. We show that when M is a sequentially generalized Cohen-Macaulay module and x is a dd-sequence on M, this function coincides with the Hilbert-Samuel polynomial. Moreover, the coefficients of this polynomial might be expressed in terms of lengths of certain local cohomology modules. 
for k = 1, . . . , t, and The following immediate consequence of Theorem 6.2 is a well-known result in the theory of generalized Cohen-Macaulay modules (see [17] ). 
